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1.1 Laplace transform and Z- transform
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1.1 Laplace transform 
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Time domain

Frequency domain

s domain

𝑓 𝑡 ൌ ෍ሺ𝑏௡cos𝜔௡𝑡 ൅ 𝑎௡sin𝜔௡𝑡ሻ
ஶ

௡ୀ଴

𝐹 𝜔 ൌ න 𝑓 𝑡 𝑒ି௝ఠ௧𝑑𝑡
ஶ

ିஶ

𝐹 𝑠 ൌ න 𝑓 𝑡 𝑢ሺ𝑡ሻ𝑒ି ఙା௝ఠ ௧𝑑𝑡
ஶ

ିஶ
ൌ න 𝑓 𝑡 𝑒ି ఙା௝ఠ ௧𝑑𝑡

ஶ

଴

time



j



f(t)

|F()|

|F(s)|

periodic waveform signals

s =  + j

Fourier transform

Laplace transform
Equivalent for



Z-transform of discrete time 
signal
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𝑓ௗ 𝑡 ൌ ෍ 𝑓௡𝛿ሺ𝑡 െ 𝑛𝑇ௌሻ
ஶ

௡ୀିஶ

𝐹ௗ 𝑠 ൌ න ෍ 𝑓௡𝛿 𝑡 െ 𝑛𝑇ௌ

ஶ

௡ୀିஶ

𝑢 𝑡 𝑒ି௦௧𝑑𝑡 ൌ ෍ 𝑓௡𝑒ି௦௡்ೄ

ஶ

௡ୀ଴

ஶ

ିஶ

𝐹ௗ 𝑧 ൌ ෍ 𝑓௡𝑧ି௡
ஶ

௡ୀ଴

zൌ 𝑒௦்ೄ

TS: Sampling Period



Example of transfer function of 
RC circuit
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𝑣௜௡ 𝑡 ൌ
1
𝐶

න 𝑖௜௡ 𝑡 𝑑𝑡 ൅ 𝑅𝑖௜௡ሺ𝑡ሻ
ஶ

଴

𝑣௢௨௧ 𝑡 ൌ 𝑅𝑖௜௡ሺ𝑡ሻ

ℒ

𝑉ூே 𝑠 ൌ ଵ
஼

ூ಺ಿሺ௦ሻ
௦

൅ ௤ሺ௧ୀ଴ሻ
௦

൅ 𝑅𝐼ூேሺ𝑠ሻ ൌ ଵ
௦஼

൅ 𝑅 𝐼ூேሺ𝑠ሻ

𝑉ை௎் 𝑠 ൌ 𝑅𝐼ூேሺ𝑠ሻ

𝐻 𝑠 ൌ
𝑉ை௎்ሺ𝑠ሻ
𝑉ூேሺ𝑠ሻ ൌ

𝑅
1

𝐶𝑠 ൅ 𝑅
ൌ

𝑠𝑅𝐶
1 ൅ 𝑠𝑅𝐶

Knack: Deformation the transfer function into the form of  (1±sX) or (1±jX).

𝐻 𝜔 ൌ
𝑉ை௎்ሺ𝜔ሻ
𝑉ூேሺ𝜔ሻ ൌ

𝑗𝜔𝑅𝐶
1 ൅ 𝑗𝜔𝑅𝐶

s = j

, q(t = 0) = 0 とする
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Bode diagram
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-3dB


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b/c

Re
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c

c = p

-3dB level line

DC gain

Corner frequency

Pole



Decibel (dB)
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The vertical axis of Bode diagrams is plotted in the decibel scale (dB).The 
decibel indicates the absolute value ratio of the signal amplitude.

Decibel of voltage and current signal 𝑑𝐵 ൌ 20𝑙𝑜𝑔ଵ଴
𝑉2
𝑉1 ൌ 20𝑙𝑜𝑔ଵ଴ 𝐻ሺ𝜔ሻ

Decibel of signal power 𝑑𝐵 ൌ 10𝑙𝑜𝑔ଵ଴
𝑃2
𝑃1

Note:

𝑑𝐵𝑚 ൌ 10𝑙𝑜𝑔ଵ଴𝑃ሺ𝑚𝑊ሻ

dBm is not ratio, but the absolute value of the signal power in mW.

Note



Check the typical value in 
Decibel
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0dB = ?
3dB = ?
-3dB = ?
6dB = ?
-6dB = ?
+20dB = ?
+40dB = ?
-20dB = ?
-40dB = ?
+20dB/Dec for the function of w = ?
-20dB/Dec for the function of w = ?
+40dB/Dec for the function of w = ?
-40dB/Dec for the function of w = ?

Calculate the typical value in Decibel.



Correspondence relation of s-
domain and z-domain
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z-planes-plane

0Hz

1
Re

Im

Re

Im

-1/8Ts

1/8Ts
1/4Ts

-1/4Ts

1/2Ts

3/8Ts

-3/8Ts

1/4Ts

1/8Ts
0Hz
-1/8Ts

-1/4Ts

zൌ 𝑒ሺఙା௝ఠሻ்ೄ



1.2 Definition of transfer function
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Definition of transfer function

• Transfer function of CT circuit

• Transfer function of DT circuit
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𝐺 𝑠 ൌ
𝑉ை௎் ሺ𝑠ሻ
𝑉ூே ሺ𝑠ሻ

[NOTE] A transfer function can be defined in s-plane or z-plane.

G(s) or H(z)VIN

𝐻 𝑧 ൌ
𝑉ை௎் ሺ𝑧ሻ
𝑉ூே ሺ𝑧ሻ

VOUT



Method of Deriving the transfer 
function
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Signal process 
in time domain

Laplace 
transform

Z-transform Recurrence formula 
or Series expansion H(z)

G(s)



Example of moving average
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TS

T = MTS

In the case of M = 4 y 𝑡௡ ൌ ଵ
்

∑ 𝑥ሺ𝑡௡ሻ𝑇ௌ
ெିଵ
௡ୀ଴ ൌ ଵ

ெ
∑ 𝑥ሺ𝑡௡ሻெିଵ

௡ୀ଴

ൌ
1
𝑀 𝑥 𝑡଴ ൅ 𝑥 𝑡ଵ ൅ 𝑥 𝑡ଶ ൅ 𝑥 𝑡ଷ

t
𝑌 𝑧 ൌ

1
𝑀 ෍ 𝑧ି௡𝑋 𝑧

ெିଵ

௡ୀ଴

ൌ
1
𝑀 1 ൅ 𝑧ିଵ ൅ ⋯ ൅ 𝑧ିሺெିଵሻ 𝑋ሺ𝑧ሻ

ൌ
1
𝑀  ሺ𝑧ିଷ ൅ 𝑧ିଶ ൅ 𝑧ିଵ൅𝑧଴ሻ𝑋ሺ𝑧ሻ

n = 0 n = 1 n = 2

n = 3 n = 4

Current time

𝑀𝑌ሺ𝑧ሻ ൌ ሺ𝑧ିଵ൅𝑧ିଶ ൅ ⋯ ൅𝑧ିெሻ𝑋 𝑧 ൅ ሺ𝑧଴ െ 𝑧ିெሻ𝑋ሺ𝑧ሻ ൌ 𝑧ିଵ𝑀𝑌ሺ𝑧ሻ ൅ ሺ1 െ 𝑧ିெሻ𝑋ሺ𝑧ሻ

1 െ 𝑧ିଵ 𝑀𝑌 𝑧 ൌ  ሺ1 െ 𝑧ିெሻ𝑋ሺ𝑧ሻ 𝐻 𝑧 ൌ
𝑌ሺ𝑧ሻ
𝑋ሺ𝑧ሻ ൌ

1
𝑀

ሺ1 െ 𝑧ିெሻ
1 െ 𝑧ିଵ

Signal process in time domain

Series expansion of z variable

Transfer function

Sampling period

Averaging period

Z



1.3 Waveforms in mixed-signal 
circuits

14
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Configuration of mixed-signal system

AF ADC DP DAC SF

Antialiasing 
Filter

Digital 
Processor

Smoothing 
Filter

t t t

x (t) y (t)

𝑓௖௨௧ି௢௙௙ ൌ
1

2𝑇௦

Continuous-time Digital (Discrete-
time and quantized)

LSB (least 
significant bit)

x(t) xd(t) xq(t)

Discrete-time

𝑓௖௨௧ି௢௙௙ ൌ
1

2𝑇௦

𝑇௦
(Sampling period)

Digital to Analog Analog to Digital
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Impulse Sampler

Step sampling
(Sample & Hold or S/H)

Expressions of discrete-time signal

)()()( S
n

d nTttxtx  

t t

Impulse sampling
(Pulse Amplitude Modulation or PAM)

Sampler =  functionTS

xd(t) xd(t)

NOTE: The discrete analog signal is practically obtained by S/H, but the signal can 
be handled similar to the impulse sequences. 

)})1(()({)()( SS
n

Sdu TntunTtunTxtx 
Step Sampler

TS



Laplace transform and Z transform
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𝑋 𝑠 ൌ න 𝑥 𝑡 𝑒ି௦௧𝑑𝑡
ஶ

଴

𝑋 𝑧 ൌ ෍ 𝑥௡𝑧ି௡
ஶ

௡ୀ଴

Continuous-time signal x(t)

Discrete-time signal x(t)

 ℒ 
→

 Z 

𝑠 ൌ 𝜎 ൅ 𝑗𝜔

𝑧ିଵ ൌ 𝑒ି௦ ೞ்

t

Ts

x0

x1

x2
x3 x4

𝑥௡ ൌ 𝑥ሺ𝑛𝑇௦ሻ 𝑥ሺ𝑡ሻ
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Characteristic of  function

)0(0)(

1)(








tt

dtt

　　



1)(

)}
2

()
2

({1)(









dttf

TtuTtu
T

tf PP

P

0 t

(t)

0 t

f(t)

TP
)(lim)(

0
tft

PT 


(1)

(2)

(1)

(2)

Delta function 

TP → 0

∞

Step function f

Important



𝑋ௗ 𝑠 ൌ න 𝑥ௗሺ𝑡ሻ𝑒ି௦ ೞ்𝑑𝑡
ஶ

଴

ൌ න ෍ 𝑥 𝑡 𝛿 𝑡 െ 𝑛𝑇௦ 𝑠ି௦௧𝑑𝑡
௡

ஶ

଴

ൌ ෍ න 𝑥ሺ𝑡ሻ𝛿ሺ𝑡 െ 𝑛𝑇௦ሻ𝑠ି௦௧𝑑𝑡
ஶ

଴௡

ൌ ෍ 𝑥 𝑛𝑇௦ 𝑒ି௦ ௡ ೞ்

௡

ൌ ෍ 𝑥 𝑛𝑇௦ 𝑧ି௡

௡

Z transform of discrete-time signal
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Laplace transform

𝑥ௗ 𝑡 ൌ ෍ 𝑥ሺ𝑡ሻ𝛿ሺ𝑡 െ 𝑛𝑇௦ሻ
௡

𝑥௨ 𝑡 ൌ ෍ 𝑥 𝑡 ሼ𝑢 𝑡 െ 𝑛𝑇௦ െ 𝑢 𝑡 െ 𝑛 ൅ 1 𝑇௦ ሽ
௡

𝑋௨ 𝑠 ൌ න 𝑥௨ሺ𝑡ሻ𝑒ି௦ ೞ்𝑑𝑡
ஶ

଴

ൌ න ෍ 𝑥 𝑡 ሼ𝑢 𝑡 െ 𝑛𝑇௦ െ 𝑢ሺ𝑡 െ ሺ𝑛 ൅ 1ሻ𝑇௦ሻሽ𝑒ି௦௧𝑑𝑡
௡

ஶ

଴

ൌ ෍ 𝑥ሺ𝑛𝑇௦ሻ න ሼ𝑢 𝑡 െ 𝑛𝑇௦ െ 𝑢ሺ𝑡 െ ሺ𝑛 ൅ 1ሻ𝑇௦ሻሽ𝑒ି௦௧𝑑𝑡
ஶ

଴௡

ൌ ෍ 𝑥 𝑛𝑇௦
𝑒ି௦௡ ೞ்ሺ1 െ 𝑒ି௦ ೞ்ሻ

𝑠
௡

ൌ
1 െ 𝑒ି௦ ೞ்

𝑠 ෍ 𝑥 𝑛𝑇௦ 𝑧ି௡

௡

Laplace transform

Transfer function 
of step sampler

PAM signal

S/H signalPAM signal

𝑧ିଵ ൌ 𝑒ି௦ ೞ் 𝑧ିଵ ൌ 𝑒ି௦ ೞ்



Z transform of PAM signal
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𝑥ሺ𝑡ሻ

𝑥ௗ 𝑡 ൌ ෍ 𝑥ሺ𝑛𝑇௦ሻ𝛿ሺ𝑡 െ 𝑛𝑇௦ሻ
௡

Laplace transform
𝑋ሺ𝑠ሻ

𝑧 ൌ 𝑒௦ ೞ்

𝑋ሺ𝑧ሻContinuous-time 
signal

Discrete-time 
signal

Impulse sampling

Z transform

𝑋ௗ 𝑧 ൌ ෍ 𝑧௡𝑧ି௡

௡

A discrete-time signal can be easily transformed by using Eq.(1). 
You do not need to calculate with Laplace transform. 

(1)
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s-plane and z-plane

ST
n  2

2
21



 js 

s-plane z-plane



 Im[z]

Re[z]

frequency

1-1

)sin(cos SS
TsT TjTeez SS  

ST
n  2

4
43



ST
n  2

4
41



ST
n  2



Right 
half 
plane

Left 
half 
plane

𝑋ௗ 𝑧 ൌ ෍ 𝑥௡𝑧ି௡
ஶ

௡ୀ଴

𝑥ௗ 𝑡 ൌ ෍ 𝑥ሺ𝑡ሻ𝛿ሺ𝑡 െ 𝑛𝑇௦ሻ 
ஶ

௡ୀ଴
𝑋ௗ 𝑠 ൌ ෍ 𝑥 𝑛𝑇௦ 𝑒ି௡ ೞ்

௡

Time domains-plane z-plane

Unit circle ( = 0)



Spectrum of PAM signal
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|X()|

S/2

|Xd()|

S S

Spectrum of continuous-time signal

Added by impulse-sampling

Spectrum of discrete-time signal

See Appendix 2(1) - 2(3). 
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Antialiasing and smoothing of signals

NOTE: AF and SF can be implemented in continuous-time circuits.

|X()| |Xd()|

 S S

|X()|



AF

discretization

|X()|



|Xd()|

S S

Aliasing noise

discretization

Band limitation fcut-off

S/2

SF

S/2

Band limitation

Reconstructed

Original

𝜔௖௨௧ି௢௙௙ ൑
𝜔௦
2 ൌ

𝜋
𝑇௦

𝜔௦ ൌ
2𝜋
𝑇௦

From sampling theorem,
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Appendix 2(1) Fourier series of 
impulse sampler

 
n
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dtet
T

c
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













2

02

2

2

2

2

1)(

11

)(1

)(
Interval of integration
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Appendix 2(2) Spectrum of PAM

S
S

n
S

Sn SS
d

T

jnsX
TT

jnsX
T

sX





2

)(1)2(1)(



 

t
T

jn

nS
T

n
Sd

Setx
T

ttxnTttxtx



2

)(1)()()()()(  

Translation Theorem

)}({1)(  
n

S
S

d njX
T

X 

Let's say, s = j |X()| |Xd()|

 S S

Continuous-time 
signal

PAM signal

ℒሾ𝑒ି௔௧𝑓ሺ𝑡ሻሿ ൌ 𝐹ሺ𝑠 ൅ 𝑎ሻ



𝑋௨ 𝑠 ൌ
1 െ 𝑒ି௦ ೞ்

𝑠 ෍ 𝑥 𝑛𝑇௦ 𝑧ି௡

௡
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Appendix 2(3) Spectrum of S/H
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(Sinc

2
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eee

s
esH
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









 


 















NOTE: The spectrum of S/H signal is deviated from the spectrum of PAM signal 
by the step sampler Hu(s). Therefore, the smoothing filter after DAC must has the 
Sinc-1 characteristic.



|Xu|

S S S S

TS

Phase Amplitude

Transfer function of step sampler Gu(s)

Laplace transform of S/H signal (Slide 19)

PAM signal

|Hu|
PAM



1.4 Transfer function of 
continuous-time analog circuits
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Integration and Differentiation
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Linear circuit 
equation in time 
domain

Integral operation

Linear circuit 
equation of s-
variable

Differential operation
Differentia equations of time

s𝑠ିଵ

Polynomial expressions of variable s

Transfer function

The transfer function is solvable 
with arithmetic operations .

𝐻 𝑠 ൌ
𝑂𝑢𝑡𝑝𝑢𝑡 𝑠𝑖𝑔𝑛𝑎𝑙 ሺ𝑠ሻ
𝐼𝑛𝑝𝑢𝑡 𝑠𝑖𝑔𝑛𝑎𝑙 ሺ𝑠ሻ
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Definition of transfer function
• Transfer function

– s =  + j : Transfer function
– s = j : Frequency transfer function

• Pole and Zero
– 1/H(sp) = 0, for the complex number sp at a location of pole in s-plane
– H(sz) = 0, for the complex number sz at a location of zero in s-plane

• Corner frequency of pole and zero
– A corner frequency in Bode diagram is observed as a 

consequence of pole and zero.
– Pole frequency: The corner of amplitude response is convex 

downward.
– Zero frequency: The corner of amplitude response is convex upward.

𝐻 𝑠 ൌ
𝑂𝑢𝑡𝑝𝑢𝑡 𝑠𝑖𝑔𝑛𝑎𝑙 ሺ𝑠ሻ
𝐼𝑛𝑝𝑢𝑡 𝑠𝑖𝑔𝑛𝑎𝑙 ሺ𝑠ሻ



1-pole transfer function

30
H

)1(

)1(
)(

c
s
b
as

c
b

cs
bsasH










Type of frequency response

(a, b, c = real number)

H

Re

Im

pole

Im
cs

bsH


)(
|H(s)| of LPF

The Bode diagram is 
represents the amplitude 
response in the imaginary 
axis.



LPF
HPF

0,0  ba 　

0,0  ba 　



31

Bode diagram of 1st order LPF 

H

Re

Im

pole

zeroなし

cs
bsH


)(

Transfer function

|H(s)|


0.01 0.1 1 10 100

60

40

20

0
4.343 10

4


40

A w( )

1000.01 w

0.01 0.1 1 10 100
180

135

90

45

0
0

180

P w( )

1000.01 w

Amplitude

Phase
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Positional relation between pole and 
corner frequency

dB3
2

1









bjHc

c
bjHc

c
bjHc







|)(|

2
1|)(|

|)(|

2

2

1
|)(|

1
)(

)(

c

c
b

jH

c
j

c
b

jH

cs
bsH
















-3dB



|H(j)|

p = c

b/c

Re

Im

-c

c

c = p

-3dB level line

DC gain

Corner frequency

Pole



1-pole, 1-zero transfer function
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Bode diagram of 1st order HPF
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Positional relation between pole and 
corner frequency
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2-pole transfer function
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Bode diagram of 2nd order LPF
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Positional relation between pole and 
corner frequency
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1.5 Transfer function of discrete-
time analog/digital circuits
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Definition of transfer function on 
z-plane

41

𝐻 𝑠 ൌ
𝑂𝑢𝑡𝑝𝑢𝑡 𝑠𝑖𝑔𝑛𝑎𝑙 ሺ𝑠ሻ
𝐼𝑛𝑝𝑢𝑡 𝑠𝑖𝑔𝑛𝑎𝑙 ሺ𝑠ሻ

𝐻 𝑧 ൌ
𝑂𝑢𝑡𝑝𝑢𝑡 𝑠𝑖𝑔𝑛𝑎𝑙 ሺ𝑧ሻ
𝐼𝑛𝑝𝑢𝑡 𝑠𝑖𝑔𝑛𝑎𝑙 ሺ𝑧ሻ

𝑧ିଵ ൌ 𝑒ି௦ ೞ்

The non-linear functions of z-variable are deduced from  the rational 
functions including an integration and a differentiation of s-variable. 
The complexity of the circuit implementation is avoided by using a 
translation theorem and some approximations.
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Translation Theorem in z-transform

The equation 3 shows that the multiplication of z-m in z-plane is equivalent to 
the delay of mTs in time domain. The z-1 operator is called "Delay element".

(2)

(1)

𝑥 𝑛𝑇௦ ൅ 𝑚𝑇௦
  Z  

𝑧௠𝑋 𝑧 െ 𝑧௠ ෍ 𝑥ሺ𝑛𝑇௦ሻ𝑧ି௡
௠ିଵ

௡ୀ଴

𝑥 𝑛𝑇௦ െ 𝑚𝑇௦
  Z  

𝑧ି௠𝑋 𝑧

𝑥 𝑛𝑇௦
  Z  

𝑋 𝑧

(3)

z-1Xin(z) Xout(z)xin(t) Delay Ts
xout(t)
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Approximation of Z transform 1

• Forward Euler Transformation (FET)
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Approximation of Z transform 2

• Backward Euler Transformation (BET)
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Approximation of Z transform 3
• Bilinear Transformation
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Integration of continuous-time signal
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Integration of discrete-time signal
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Integration of discrete-time signal
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Differentiation of continuous-time 
signal
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Differentiation of discrete-time signal
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