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1.1 Laplace transform and Z- transform



1.1 Laplace transform

iy,
Time domain FiOEs Z(b cosw,t + a,sinw,t) L\/\
n=0 /N,
{ } time

Fourier transform . F(w)|
Frequency domain [RAGCES J f (t)e‘f‘“tdt/¥—J\
Equivalent for ®
Laplace transform periodic waveform signals

F(s) = j FOu)e ke = f f(De~ i dr

s=o0tjw F(wﬂo
I/ G 3




Z-transtorm of discrete time
signal

fa(t) = z fné(t —nTg)  Tg: Sampling Period

Fa(s) = j°° i f6(t — nTg) u(t)e Stdt = i f,e~STs
e L

Fy(z) = i faz™"
=0

z= e5Ts



Example of transfer function of
RC circqitw

Iy ; [ _ . .
e [ n® =7 | tmde + Ricn(0
VIN[ Iil R [ Vour Voue(t) = Rip(t)
v J r

S

1 Vin(s) = £ (22 4+ 2ED) 4RIy (s) = (5 + R) Iin(s) L q(t=0)=0&F %

Vour(s) = RIjn(s)

H(s) = Vour(s) _ R sRC Sla) He) = Vour(w)  jwRC
Vin(s) Ci +r LtskC “ Viv(w) 1+ jwRC
S

Knack: Deformation the transfer function into the form of (1=%sX) or (1=%;wX).
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Bode diagram

‘¢ = o, Corner frequency
Re

H(s)= b Im
s+c U \
b -3dB level line ] —
c -C t
H(jw)=—+% ; i I ‘-
T
b |
- Pole .. DC gain
| H(jo)l=—== e
I+ a)—z
CZ




Decibel (dB)

The vertical axis of Bode diagrams is plotted in the decibel scale (dB).The
decibel indicates the absolute value ratio of the signal amplitude.

V2
Decibel of voltage and current signal dB = 20log, ﬁ| = 20logqo|H (w)]|

PZ‘
P1

Decibel of signal power dB = 10logyg
f

Note

Note:  gBm is not ratio, but the absolute value of the signal power in mW.

dBm = 10log,oP(mW)



Check the typical value 1n
Decibel

Calculate the typical value in Decibel.

0dB=?

3dB=7?

-3dB=7?

6dB =?

-6dB =7

+20dB = ?

+40dB = ?

-20dB =?

-40dB =?

+20dB/Dec for the function of w = ?
-20dB/Dec for the function of w = ?
+40dB/Dec for the function of w = ?
-40dB/Dec for the function of w = ?



Correspondence relation of s-
domain and z-domain

7= e (O'+j(1))TS

s-plane z-plane
Im Im
I\ 1/4Ts
lals 1/8Ts

3/8Ts
1/8Ts / o
OHz »Re  —H2T —— Re

-1/8Ts | \
1/4Ts -3/8Ts

! -1/8Ts
-1/4Ts




1.2 Definition of transfer function
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Definition of transfer function

Vi — G(s)orH(z) — V7

 Transfer function of CT circuit

Vour (S)
G(s) =
() Vin ()
e Transfer function of DT circuit
Vour (2)
H(z) =
2 Vin (2)

[NOTE] A transfer function can be defined in s-plane or z-plane.



Method of Deriving the transfer
function

Laplace
transform G(S )
Signal process
1n ttime domain \
Z-transform Recurrence formula
> >
or Series expansion H (Z)
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Example of moving average

Signal process in time domain
In the case of M =4 y(t,) = %Z,’Z’:‘Ol x(t,)Ts = %Zﬁ‘f;ol x(ty)

: : 1
. T=MTy Averaglrilg period = M{x(to) + x(ty) + x(t,) + x(t3)}

Series expansion of z variable

1 M-1
V() = Z 27X (2)
n=0

| | 1
_ -1 ~(M-1
Sampling period T M (1+z77 4+ 27 M D)X (2)

Current time _ -3 -2 -1,.0
=—(z7°4+z“+z""+2z)X(z

Transfer function
MY(2)=(z 14z 4+ +zMX2)+ (2° —zMX(2) =z"MY(2) + (1 — z7"M)X(2)
Y(z) 1(1-z")

(1—zHMY () = A-2""X@) — HE@) = 3= a =, 13




1.3 Waveforms in mixed-signal
circuits
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Configuration of mixed-signal system

Digital to Analog Analog to Digital
1 f, -
fcut—off = 2T, cut—off = 2T,
Antialiasings Digital Smoothing
Filter Processor Filter
x(t)—>AF—>ADC — DP ——| DAC » SF |— v (1)
*0 ' T, : [LSB (least
H(Sampling period :_.': significant bit)

N R
Continuous-time Discrete-time Digital (Discrete-

time and quantized)
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Expressions of discrete-time signal

—e— Ty —— T
A 1

4 Al Sampler = o function

e

.
Od -,
;
B : g
] ;
; 0
o L N
0 0 >
g
ht o)

Step sampling
(Sample & Hold or S/H)

Impulse sampling
(Pulse Amplitude Modulation or PAM)

%)= D x(nT) -l =nT) ~u(t =+ DI} x, (1) =Y x(1)-5(t —nTy)

Step Sampler Impulse Sampler

NOTE: The discrete analog signal is practically obtained by S/H, but the signal can
be handled similar to the impulse sequences.
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Laplace transform and Z transform

(0]

L

Continuous-time signal x(z) = X(s) = j x(t)e™stdt | s=o0+jw
: l

Discrete-time signal x(%) f: X(z) = z X,z " 771 = ¢=5Ts

n=0

xp =x(nls)  x(t)
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Characteristic of 0 function

Step function f

1 T, T, i
=g ) mut=50) &—m
J:f(t)dt =1 (1) S

6(nN=lim f(r) @ 0 ?

. 1

Delta function o Important

- e ‘.
{ [ owadr=1 1y o0 e
o)=0 (=0 @

«—1Tp
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/. transform of discrete-time signal

PAM signal S/H signal
xa(t) = ) x()3(t - nT) v(6) = Y 2O —nT) ~ult - (n+ DT}
@ Laplace transform @ Laplace transform
Xa6) = [ xavre= Tt X, (s) = jo xu(t)e=Todt
0 (00

=[xt - nrysar = [ D x@ue - 11 —u(e - (n+ DT de

0 = 0
= | xwsc-nrstar =) x(Ty) jo u(t = nTy) — u(t = (0 + DT))e e

0 n

n —snTg 1 — —sTs
_ 2 x(nT,)e=STs) _ Z X(nT) e ( S e~5Ts)

n Z—l — e—STs 1n_ e—STs Z—l — e_STS
= 2 x(nTy)z™" «— = . Zn: x(nTg)z «—

Transfer function = PAM signal 19

of step sampler



Z transform of PAM signal

Laplace transform z =e"Ts

Continuous-time  *(t) > X(s) X(2)
signal

l Impulse sampling

Discrete-time
signal

xa() = ) x(nT)8(t - nT,)

n

l 7 transform

Xa(2) = Zznz‘” (1)

n

A discrete-time signal can be easily transformed by using Eq.(1).
You do not need to calculate with Laplace transform.
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s-plane and z-plane

s-plane

(00)

Time domain z-plane

(0]

Xa(s) = Y x(nTy)e ™+ xg(£) = Z x(0)8(t — nTy) — X4(z) = z X,z "

n

s-plane

®

frequency\}

A >

e
\

’ e
Left Right

half half
plane plane
S=0+jw

n=0

_1+2ng£_ y .,
= 7 TS \ \_/ TS
N = Re[z]

3+4n 21
) =

n=0

z-plane

e 1+4n 27 Im[z] Unit circle (o = 0)

4 Ty
T T . .
e’s =e”*(coswly + jsin o)
21
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Spectrum of PAM signal

Spectrum of continuous-time signal Spectrum of discrete-time signal

Added by impulse-sampling
X ()|

I
1
1

X(m)%\ <:>

Wg/2 Q) Oy 205 ©

See Appendix 2(1) - 2(3).
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Antialiasing and smoothing of signals

X(0)]4 W = 27-[ X ()| | Allasmg noise
T ddgy B m
# Og 20g

AF Band limitation f_

X(w)t [ X4(®)|
Original / W . dlscretlzatlon ‘_\\ ﬁ\ ﬂ\

ooé/2 0 Og 20

[ X ()] SF Band limitation
Reconstructed ,:" , / From sampling theorem,
12 ® s _ I
N Weyt—of f = 7 — Fs

NOTE: AF and SF can be implemented in continuous-time circuits. .



Appendix 2(1) Fourier series of
impulse sampler

<« Interval of integratio

1
e —
5T(t)225(t_nTS) TS TS

5.(t) = Z "y

Ts




Appendix 2(2) Spectrum of PAM

5,0 = L 508 ~nT) =x(0)-8,() = Y x(0)-¢ "

l Translation Theorem L[e~ % f(t)] = F(s + a)

1 .27 1 :
Xy(s)=—-2 X(s—jn") =) X (s = jna)
S n S S n

2
Wy =——
T, Continuous-time PAM signal
signal
Let's say, s =jw X(w)[4 [ Xg(®)] 4

1

Xd(a)):_zX{j(w_na)s)} S TV YT N

TS " L _\ =_7\ 7\ A W U

® Oy 204 ©
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Appendix 2(3) Spectrum of S/H

Laplace transform of S/H signal (Slide 19)

I--------------j H
i 1 _ _STSE |Xu| A | LI|
Xy () = D x@T)z L
: S
n o
________________ — '
I PAM signal .
Transfer function of step sampler G,(s)
sly STy joTy — joTs sin T
1_ —sT _ﬂ 2 2 . _.‘LTS 2 2 _.-LTS _.-LTS ) T
H.(s) = €’ _, 2 ¢ e o, 02 € .e :elzTS T2 EelzTS-Smc(wS
S S jo T
2 H_/ ~—

Phase Amplitude

NOTE: The spectrum of S/H signal is deviated from the spectrum of PAM signal
by the step sampler / (s). Therefore, the smoothing filter after DAC must has the
Sinc! characteristic.
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1.4 Transfer function of
continuous-time analog circuits
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Integration and Differentiation

Linear circuit Differentia equations of time

equation in time Integral operation  Differential operation
domain

v

v

Linear circuit
equation of s-
variable

Polynomial expressions of variable s

The transfer function is solvable
with arithmetic operations .

v Output signal (s
Transfer function H(s) = P 9 (s)

Input signal (s)
28



Definition of transfer function

* Transfer function
— s =0 +jo : Transfer function <: H(s) = Output signal (s)
— s =jo : Frequency transfer function Input signal (s)

* Pole and Zero
— 1/H(s,) = 0, for the complex number s at a location of pole in s-plane
— H(s,) =0, for the complex number s, at a location of zero in s-plane

* Corner frequency of pole and zero

— A corner frequency in Bode diagram 1s observed as a
consequence of pole and zero.

— Pole frequency: The corner of amplitude response is convex
downward.

— Zero frequency: The corner of amplitude response is convex upward.
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1-pole transtfer function

H(s)=

as
a-s+b :é(“_?)

s+c C (1+§)
c

(a, b, c = real number)

Im

|H(s)| of LPF

Type of frequency response

a=0, b#0 LPF
az0, b=0 HPF
H(s)= b The Bode diagram is
= s+c represents the amplitude
| Im |response in the imaginary

axis.
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Bode diagram of 1st order LPF

Transfer function
b

S+

H(s)=

> [H(s)|

Pole corner frequency o,

Amplitude
L0 i
—4343x10 . ) {L
™ -20dB/Dec
=20
Alw) R“m\
=40
“_4():600.01 0.1 10 100
0.01, 100,
-45deg
. /
T
Phase ° ¥
-45 ki -90
‘H‘.“-‘"‘ﬁ--‘.
P(w) —90 i
-135
_180-1800.01 0.1 10 100
0.01, 100,



Positional relation between pole and
corner frequency

b
H(s)=
(s) . Im
b DI -
’ - -3dB level hine R S
H(jo)= L@ ~C Ic = o, Corner frequency
1+ J— ! i A
¢ .f X Re
b / * c |
| H(jo) = —— Pole - " " DC gain
) e -
1+c2




1-pole, 1-zero transfer function

a-s+b
H(s) = (a, b, ¢ = real number) Type of frequency response
S+c a=0, b#0 LPF
a#0, b=0 HPF
|H(s)| of HPF
a-s
T H-
S+C

Re




Bode diagram of 1st order HPF

Transfer function

a-s

H(s)= s+c

Im

-3dB

" > [H(s)|

Amplitude

0
—4343x10

20

Pole corner frequency o,

!

Alw)
49
0 0 2C
—40,
J_600.01 0.1 10 100
.0.01, w 100,
+45deg
180 180
135
Phase
P(w) 90 T — J
T
45 ™ -90
"-.,,__H
0 0 b
0.01 0.1 1 10 100
0.01, w 100,
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Positional relation between pole and
corner frequency

as

H(s)=

(s) p Im
. a T
. Jo -3dB level line B S
H(jow)= "o - IC = o, Corner frequency
I+j— ; : AY R
c .. X N> o c
a— \“ i c /'I.
C N - C ' .
| H(jo)|= e Pole DC gain (=0)
LY T
c

( :

w<<c—o|H(jo)|= a)— |H(J(D)|;
) a R SREEEE 7-3dB

w=c—H(jo) |— !

— -3dB i
w>>c—|H(jo)|=a > 2 : >
®,=C



2-pole transfer function

a-s>+b-s+c

H(s)=
(5) s*+d-s+e

(a, b, c = real number)

|H(s)| of LPF

H(s)=——

s“+d-s+e
Solution of the pole
D(s)=s"+d-s+e=0

Type of frequency response

a=b=0, c#0 LPF

=c=0, b#0 | BPF
b=c=0, a=#0 HPF
b=0, a#0, c#0|BEF

Note: If the denominator 1s

factorable, the transfer

function has 2 real poles.

d .| &
s = T tJjqe— 1 Complex number of 2 poles
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Bode diagram of 2nd order LPF

C

HS = B A
() sP+d-s+e RE L

Im

T

Re
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Bode diagram of 2nd order LPF

C

H(s)= s+d-s+e
Resonant frequency o,

Im Amplitude l

’ | ™ -40dB/

—79.999,
106 o1 0.1 1 10 100

.0.01, w 100,

0

Phase °

—45

| P 0 -180
" >|H(s)

-186¢
1800.01 0.1 1 10 100

0.01, w 100,
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Positional relation between pole and
corner frequency

c

_ ¢ | H(jo)|=
H(s)= 53— Loy +d(jo) + e (- jo) +d(-jo) +e)
s'+d-s+e=0 DL X = ZC :

J [ 22 g \/{a)z—(e—dz)}%d%e—‘i)
S=——* jijle——=—-—* jo,

2 4 2 _ d’

- ~ v W, = (6_7)

Location of the pole in s-plane H(jo) - c

Im  [H(o)

If ® = o, the amplitude reach a maximum.

c
2
d e—d—
4

| H(jo,) =

X o, 1s close to o,

The smaller d causes the higher peak.
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1.5 Transter function of discrete-
time analog/digital circuits
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Definition of transfer function on

z-plane
H(s) = Output S.ignal (s)
Input signal (s)
Z—l — e—STS
H(z) = Output signal (z)

Input signal (z)

The non-linear functions of z-variable are deduced from the rational
functions including an integration and a differentiation of s-variable.
The complexity of the circuit implementation is avoided by using a
translation theorem and some approximations.
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Translation Theorem 1n z-transform

x ()-S5 X (2) (D

m—1
A
x(nTy + mTy)—zMX(z) — z™ Z x(nTy)z™™ (2)
n=0

x(nT, — mTS)—Z>z_mX (2) (3)

Il

i) — Delay T, [—Youl)  X,(2)— 72! —X,,(2)

The equation 3 shows that the multiplication of z™ in z-plane is equivalent to
the delay of mT, in time domain. The z'! operator is called "Delay element".

42



Approximation of Z transform |1

* Forward Euler Transformation (FET)

Power series expansion of zats= O

STS—1+ (sT)+ (sT) +— (sT) +A

~1+sT. g Im[z] Unit circle (¢ = 0)

N A /

LS R T ......................... Excellent approximation
L i //:Re[z]

z-plane 43



Approximation of Z transform 2

* Backward Euler Transformation (BET)

Power series expansion of z' ats =0

1 1
z = zl—F(STS)l +5(STS)2 —%(STS)3 + A

~1—sT;
Im|[z] Unit circle (¢ = 0)
-1 A
... S N——— b . .
T "..  Excellent approximation

z-plane 44



Approximation of Z transform 3

Bilinear Transformation
Power series expansion of log.z at s = 0

B TS S
z 1+l(z 1) +l(z 1)

sT.=lnz=2- +A
§ [z+1 3(z+1)° 5(z+1) J
z—1
z22+1 Im[z] Unitcircle (o = 0) = frequency

(but non-linear scale)

2z-1 21-zZ"

JOS R =
T, z+1 T 1+Z_1/
2 wT
Wpilinear = FarctanT -1 k
S

z-plane 45

Excellent approximation




Integration of continuous-time signal

v, (t) —| Integrator > v_ ()

Vo0 = [ v, (2)d7

@ Laplace transform

Vi(5) =V ()4~ [ v, (D)

Y l— Y|

Vi (5)

(Periodic function)

Frequency transfer function (s = jo)

1 1 1
H (@)= —=—=~j—
s jo Q)
|H,(@)[dB] =20log|H,(w)| = 201ogi = —20logw
)
Hi(w)| (dB) 4
0=10,
10dB o (log scale)
O (deg.)4
» ® (log scale
50 (log scale)

n=1 46



Integration of discrete-time signal

Integration approximated with BET ; t

—lz T vin(O 1 5 |
ih 4
/_LT;_ \(:u‘_z{ﬁ \II:NT

Vo ()= [ v, (D)7 "0 f J

Geometrical

series of z°!

Discretized
@ i} , e
vout(t)zzvin(t_nTS).TS :> I/Out(Z):TYSZ:Z_nI/in(Z)
n=0

n=0

Hi(s) 47



Integration of discrete-time signal

Integration approximated with BET ; t

—lz T vin(O 1 5 |
ih 4
/_LT;_ \(:u‘_z{ﬁ \II:NT

Vo ()= [ v, (D)7 "0 f J

Geometrical

series of z°!

Discretized
@ i} , e
vout(t)zzvin(t_nTS).TS :> I/Out(Z):TYSZ:Z_nI/in(Z)
n=0

n=0

H(s) 48



[H(s)|

Integration error due to
approximation

Frequency transfer function of integrator H(s) = 1__ j L
Y @ s @
—j2r—
s=0— z == &
" BET of Integrator
TS _ TS _ TS
0 -z 1-e’B e
l—-e
Bilinear transformation of integrator
1 ) —j2r—
Bilinear \\/ Lil+z' Ty 1+e_].wTS _TLilte ™
b 21-z" 21-¢7% 2 a2
0.1 g1 I | | l-e “s
70.01 0.1 1 10
* Normalized Frequency w/og " The approximation is excellent in @ << m,/2.
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Differentiation of continuous-time

signal
v,,(t) — differentiator |~ > v, (?) Frequency transfer function (s = jo)
H,(s)=s= jo

()= da. (7) | Hp,()|[dB]=20log| H,(w) |=20log &
out dt_ n

@ Laplace transform |Hp(®)| (dB)
20dB

»

I/out(S) = SI/in(S)_Vin(O)

=10 (log scale)
Vour (8) = 5V, (5)
e o 0 (deg.) 4
(t=0 TESHZEWLEE)
+90 R
o (log scale)
=1

50



Differentiation of discrete-time signal

Differentiation approximated with BET

1—z"

H S)=85§= vin(v t
p(8) T f
R
Ty
Vout (t) = iVin (T)
dt Delay element }
@ Discretized
v. (£)—v, (t—T. Z _ 1
Vout(t): zn( ) zn( S) Vout(z): I/z'n(Z) z I/in(Z)
T — T,
11—z
= Vu(2)
S

Hp(s) 51



Differentiation error due to
approximation

Frequency transfer function of integrator

2@

s=0— z = s =¢ “s

o0 " N
exact | }| | ll :
L Bilinear A M I ;| |l”||h||
2 TN Ly Wl
) “7

0.1 \ } ' " i |

Good a nt gET 1{( k‘) IJI H“
Rl

H(s)=s=jw
BET of differentiator Y
. ~j2r—
l—z_l_l—e_JwTS _l-e @s
TS TS TS
Bilinear transformation of differentiator
. —jen
21-z" 21-¢’ 21-e *
T 1+z" T, 1+es T, -2
l+e ™

The approximation is excellent in © << @ /2.
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