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2.1 Definition of transter function



Definition of transfer function

Viy — 1 F(s)or F(z) —— V,,,

 Transfer function of CT circuit

Vour ()

Fls) = Vin (s)

 Transfer function of DT circuit

Vour (2)
Vin (2)

[INOTE] A transfer function 1s defined in s-plane or z-plane.

F(z) =




Method for deriving transfer
function

Laplace
transform

Signal process
in time domain

Z-transform

-

> F1(s)

Recurrence formula
or Series expansion

— [(2)




Transter function 1n z-domain

Transfer function of moving average Signal process in time domain
In the case of M = 4 Y(tn) = 7 I3 x(6)Ts = 3 THE x ()

: . 1
. T=MTg Averaglfilg period = M{x(to) + x(ty) + x(ty) + x(t3)}
N0/ |2

/ Series expansion of z variable

1 M-1
V() = Z 27X (2)
n=0

. , 1
T =M(1+Z_1 + 4+ 27 MTD) X (2)

Current time ¢, /

MY(2)=(z 4z 4+ +z2MX2)+ (2° -z "MX2) =z"MY(2) + (1 —z7"M)X(2)
Y(z) 10—z
X(z) M(Q-zY

Sampling period

11—z YMY(2) = 1 —-z™MX(=) —— H(2) =




Definition of Laplace transform

Laplace transform

F(s) = LIF(D)] = j F(D)estdt
0
S=0+jw

| b

F(©

IFs)1

(w
= /\
<

o

Inverse Laplace transform

1 o+ joo
f(t)=LF(s)] = EJ | F(s)estds
g—joo

2F(s)

jw




Note: Current—voltage characteristic

Circuit equations are derived from Kirchhoff's law and current-voltage (I-V) characteristic
for each device. Therefore, 1t will be useful if you know about Laplace transformed
current-voltage characteristics in advance.

Device | I-V characteristic in | I-V characteristics in s- Equivalent circuits
t-domain domain
y

Iz (s) |

R vr(t) = R - ig(t) Vr(s) = R - Ir(s) e (D R

diy,(t)
dt

L () = L V,(s) +L-i;(0)=sL-I(s) "&O

b Vinit = LlL(O)

t

1 |
C w®=z jo ic(D)dr  Vy(s) =${1c<s>+q<o>} =0 DVC@}EDWO)




Transfer function 1n s- domam

11N§ _____ C ________________ .
i 1 . . > g i
vin(t) - E lin(t)dt + Rlin(t) o= I ; °
0 ! :
- . VINW R [ Vour
vout(t) = Ri(t) o i i o

J L (Initial condition: g(0) )

1/1 0
Vin(s) = E( INS(S) + C[i )) + RIin(s)
Vour(s) = RIjy(s)
Vour(s) = 1+ sCR Vin(s) — 1 SCRQ(O)

Transfer function for input signal Transfer function for initial condition



Transient and steady state response

iI>N§q(t)c >4 v1(t) = vgsinwt (t 2 0)
——| 0 ;é /

] Shp NS

Initial condition: q(0) =0

Vour (t)

The transient response is _ /\ [ >

generated by changing the t
waveform of input signal.

(%

7“ (cos wt + sin wt)

Transient Steady state
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Transfer function in frequency
domain

e The frequency domain transfer function (or the frequency
response) 1s obtained from the transfer function under the
condition that s = j.

* The frequency transfer function means the steady state
characteristic of the circuit which is stimulated with &/,

a
S=jw ] a b
H == )H = —_
() b+s o) b+ jw 1+j%

Jjw

A A

a e
b \

|

b 0 11

]
H(jo)




Two-port network parameters
and transfer function

1; 1>
> <
o—— ——0 o—— ———o0
VIT TVZ V;T TVz
o— ——o0 o— ——o
Transfer function Two-port network parameters
L(Jw)] _ Y11 Y] [i(w)
V2(s) = HE) - Hi(6) il = b vl [7agie)
Vi(jw)] z L(Jw
The transfer function varies in Vl 803 = 221 ZZ] ’ 11 8@%
according with the load impedance. HOale 2
Vi(jw)] _ ] [ V2(jw)
L,(jw)

(o)
Two-port network parameters do not vary
in according with the load impedance.




Load-dependence of transfer
function

é
Y11 Y12
vS@ VlT Y21 }’22] Tvz [:] R

I, =y, V1 + 25V,
—V,=R.1,

O =P v [oer] o

Vo Yz
Vo 1
+ 5=
Y22 R,

H(s =jw) =
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2.2 Waveforms in mixed-signal
circuits
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Configuration of mixed-signal system

Analog to Digital Digital to Analog
1 -
fcut—off = 2T fcut—off B 2T
. g . S .
Antialiasing Digital Smoothing
Filter Processor Filter
x(t)—>AF—>ADC — DP —— DAC » SF |— v (?)
X(U 1 TP X (O (18 l
. T, 1 ' [LSB (least
H(Sampling period 3 significant bit)

AL ame. Wl o
N W | TR

Continuous-time Discrete-time signal ~ Digital (Discrete-time
and quantized signal)

- V
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Expressions of discrete-time signal

—i— Ty Sampler = § function

A

X d( U 1 xd( U | /
4 M ‘ []l I Tt
ik t
Step sampling Impulse sampling
(Zero-order hold) (Pulse Amplitude Modulation or PAM)

X, () = 2 x(nTg){ult =nTy) —u(t=(n+ DT} x, ()= x(t)-5(t —nTy)

~—

Step Sampler Impulse Sampler

NOTE: The discrete analog signal 1s practically obtained by S/H, but the signal can

be handled similar to the impulse sequences (See slide 17).
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Laplace transform and Z transform

L (0]
Continuous-time signal x(z) = X(s) = j x(t)e™stdt | s=o0+jw
0

o . ¢ 1
Discrete-time signal x(z) - X(z) = Z X,z " 7-1 = o=5Ts

n=0

(Single-sided) z-transform

xXn = x(nTy) x(t)

17



Characteristic of 0 function

Step function f(7)
| T, T, |
f(f):T—P{M(f+7)—u(t—7)} | &—w
[” r@wde=1 (1) 0
—> <_TP

6()=lim f() @

U [l

Delta function o Important

o - ' )
{ [~ oydr=1 3 o0
5(H)=0 (t#0) @)
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/. transform of discrete-time signal

PAM signal Zero-order hold signal
xq(t) = Z x(t)6(t — nT) x, () = z x(®){u(t —nT,) —u(t — (n+ 1)T,)}
@ Laplace transform @ Laplace transform
Xq(s) = j xq(t)e Stdt Xu(s) = jo xy (t)e~tdt
0 00
= [T xws —nryestar = [ Dlx@t - 1) - ute - @+ DT e
0 = 0 3
= z f x(t)8(t — nTy)e Stdt = Z x(nTs) j {u(t —nTy) —u(t — (n+ DTy)}jedt
0 -~ 0
n —snTg 1 — —STs
_ z x(nT,)e=snT) _ z () e (1—e~5Ts)
n Z_1 = e_STS n > Z—l — e_STS
_ T -n - _1_6_STSZ (T) . -
—zx(ns)z = . nxnsz
See Appndix 2(3). «— Transfer function = PAM signal 19
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Z, transform of PAM signal

Laplace transform z =e%s
Continuous-time X (t) > X(s) > X(2)
signal l Impulse sampling
Discrete-time
oma Xa(t) = ) x(nTy)8(t = nT,)

n

l Z transform Z transform using delay z™
Xq(z) = Z XnZ " (5)
n

A discrete-time signal can be easily transformed by using Eq.(5).
You do not need to calculate by Laplace transform.
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s-plane and z-plane

s-plane

Time domain z-plane

o o'}

X4(s) = zx(nTs)e_S("Ts) — x4(t) = Z x(t)6(t —nT,) — X ;(z) = Z Xz "

n

s-plane

®

frequency I

N

D)

»
|

Right
half
plane

Left
half

plane

S=0+jw

n=0 n=0
2T
z-plane s = T

CU:(%-l—Tl)a)S{lj[Z]

Unit circle (o = 0)

7 = e5Ts = p0TspJWTs

= e%Ts(cos wTs + j sin wTs)

= e%Ts(cos wg + j sin wg) 21



Spectrum of PAM signal

Spectrum of continuous-time signal Spectrum of discrete-time signal
Added by impulse-sampling

X () %\ <:> Xg()| /

0g/2 o cos 2cos

See Appendix 2(1) and 2(2).
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Antialiasing and smoothing of signals

27‘[
X 0, = X ()| , Allasmg noise
SN dl%nﬁ\\l\ A \
| Og 200S
AF | Band limitation f,
X(o)|+ @
'
Original '/ —\ . discretizatiog\\,’, _\\, W \\
wg/2 [0 ] g 20
1 X(w)|+ SF | Band limitation £,

Reconstructed ,,' Wl i From sampling t(lll)eoreI?T,
y Ls
(DS/Z @ Weyt— off = 2 — F

S

NOTE: AF and SF can be implemented in continuous-time circuits. .



Appendix 2(1) Fourier series of
impulse sampler

. Interval of integratio jnz—ﬂt
or(t) = Z

S /;MTSO_L
5,(0)= Y 8—nTy) 7.¢ T,

27
Jjn—t




Appendix 2(2) Spectrum of PAM

x,(t)= Zx(t) O(t—nTy)=x()-0,(t) = TLZXO) . ejnTSt
l Translation Theorem L[e % f(t)] = F(s + a)

1 .27 1 .
Xd(s)=FZX(S—]n?)=T—ZX(S—]na)S)
S n S S n

2
W, =—
ST < Continuous-time PAM signal
signal
Let's say, s = j® X(w)[4 [ Xg(®)] 4

1

X (@) ==Y X{j(w—nag)} .- T T T X T TN

TS " ! \ =7\ ‘j’\ - L >

® Oy 204 O

25



Appendix 2(3) Spectrum of zero-
order hold

Laplace transform of zero-order hold signal (Slide 15)

1 — s75Ts; | Xl 4 A
Xy (s) = . z x(nTg)z™" /
. im _
I PAM signal P P el
Transfer function of step sampler H,(s) Ds 205 20s 705
STs STg .wWTg .wWTg a)TS
1—e~5Ts sTse 2 —e 2 s=jo _wTsel 2 —e /72 oTs  sin—=>
—_— —_ ] _ N atuiialiy>
H,(s) = =e 2 >e 2 : =e 7 2 T
S S jw wTs
2
wTs T.
=e /72 TSSinC(T
— - ~ ~ ) . .
Phase  Amplitude NOTE: The spectrum of zero-order hold signal 1s

deviated from the spectrum of PAM signal by the step

sampler H (s). Therefore, the smoothing filter after DAC

must has the Sinc™! characteristic. y



2.3 Transfer function of
continuous-time analog circuits

27



Integration and Differentiation

Linear circuit Differentia equations in time domain

equation in time Integral operation  Differential operation
domain

v

v

Linear circuit
equation of s-
variable

Polynomial expressions of variable s

The transfer function is solvable
with arithmetic operations .

M Output signal (s
Transfer function H(s) = p g (s)

Input signal (s)
28



Definition of transfer function

e Transfer function
— s =0 +jo : Transfer function < H(s) =
— s =]Jo : Frequency domain transfer function

Output signal (s)
Input signal (s)

* Pole and Zero
— 1/H(s,) = 0, for the complex number s, at a location of pole in s-plane
— H(s,) =0, for the complex number s, at a location of zero in s-plane

* Corner frequency of pole and zero

— A corner frequency in Bode diagram is observed as a
consequence of pole and zero.

— Pole frequency: The corner of amplitude response 1s convex
downward.
— Zero frequency: The corner of amplitude response 1s convex upward.

29



Decibel (dB)

The vertical axis of Bode diagrams 1s plotted in the decibel scale (dB).The
decibel indicates the absolute value ratio of the signal amplitude.

Decibel of voltage and current signal dB = 20log,,

V2
| = 20l0g10|H(w)|

Decibel of signal power dB = 10log,, Tl

Note: dBm 1s not ratio, but the absolute value of the signal power in mW.

dBm = 10log,P(mW)
30



1-pole transter function

as
a-s+b b (1 T ?) Type of frequency response
H(s)= e o § a=0, b#0 LPF
(1+2) a#0, b=0 HPF

(a, b, ¢ = real number)

Im |H(s)| of LPF . .
b The Bode diagram is

Ss+c represents the amplitude
| Im |response in the imaginary
axis.

H(s)=

31



Bode diagram of 1st order LPF

Transfer function

b
H(s) = Aot Pole corner frequency o,
p mplitude |
—4343x10 ’ ‘M"“‘m.hh\ H}
Im - ~. -20dB/Dec
Alw) HHHRM,
-40 y
—40r60
0.01 0.1 1 10 100
0.01, w 100,
/-45deg
Phase ' I
-45 i I -90
L
P(w) ~90 IS
-135
" > |H(S)| s o1 0.1 1 10 100
0.01, w 100,

32



Positional relation between pole and

corner frequency

H(s) = b
s+c ——
b -3dB level line sfegemme
H(jow)= c ’ '(:: IC = o, Corner frequency
1+;¢ X ; Re
c — | N\
b . C \
- Pole DC gain
H(jo)r—-— e
1+a)2

a)>>c—>|H(]a))|——
)

Corner frequency




1-pole, 1-zero transfer function

a-s+b
H(s)= (a, b, ¢ = real number) Type of frequency response
S+ a=0, b#0 LPF
az0, b=0 HPF
|H(s)| of HPF
a-s
IITn H(s)=
s+c

Re




Bode diagram of 1st order HPF

Transfer function

a-s
H(s)= Pole corner frequency o,
s+c Amplitude l
—4.343x10 %, ’ /,w‘*’ﬂ”r';
/
Im -20 /’//
AGw -]
E— 420 pC
-3dB
\ “_40f600.01 0.1 1 10 100
0.01, w 100,
+45deg
180 180
Phase ™
P(w) 90 T J
45 i -90
S
0 %.01 0.1 1 10 100
0.01, w 100,

H - [HE)

35



Positional relation between pole and
corner frequerllcy

H(s) = as
s+c J—
. a -3dB level line - gomeemee
Jjo— " i
H(jo)=—=< ; : I C ®, Corner frequency
1+/° 5 X— @ Re
C ‘\_\ E<_> ;
v Pol R
- ole . .
|H(jo)|= ¢ SO DC gain (=0)
1+a)2
C2

Corner frequency

w<<c | H(jo) = o>
C

a):c—>|H(ja))|:i

V2

| o>>c—oH(jo)|=a 2




2-pole transfer function

Type of frequency response
a=b=0, c=#0 LPF

=0, b#0 | BPF

a-s>+b-s+c

H(s)=—
s“+d-s+e b=c=0, a=#0 HPF
(a, b, ¢ = real number) b=0, a#0, c=0|RBEF
[H(s)l of LPE ; Note: If the denominator is
H(s)=—; factorable, the transfer
s +d-s+e function has 2 real poles.
Solution of the pole

D(s)=s"+d-s+e=0

d .| d
s = 5 t Jqle e Complex number of 2 poles

37



Bode diagram of 2nd order LPF

C
s’+d-s+e

H(s) =

DiZE

Im

T

Re

38



Bode diagram of 2nd order LPF

C

H(s)=
(5) s*+d-s+e

Im Amplitude

Resonant frequency o,

!

.-"'} k

Alw)

. -40dB/Dec

-50

"
;.‘79999:;1()0
0.01 0.1 1 10 100
0.01, w 100,
0 0 A
Phase
—45
| P(w) ~90 _180
- |H(S)| - 135
- 186130 LS v
0.01 0.1 1 10 100
0.01, w 100,

39



Positional relation between pole and
corner frequency

Cc

H(s)= ¢ |H(jo)|=

2 dste Vi) +d(jo)+e} {(—jo) +d(-jo)+e}
s’+d-s+e=0 D&X = <
2 d2 2 2 dz
d d? d \/{0) _(6_2)} +d (6_4)
S = ——ijwfe—— =-—= jo,
2 4 2 B d’
“ — _ W, = (6_7)
Location of the pole in s-plane H(jo) = c dz
\/{602 ~o)} +d (e-—)
Im [H(o) 4
5 o; If ® = o, the amplitude reach a maximum.
N b= W,
5 \ |H(jo,) = ———
/': ' \ Re d
| dile———
-d27 % ®, is close to o 4
The smaller d causes the higher peak.
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2.4 Transter function of discrete-
time analog/digital circuits

41



Definition of transfer function on

z-plane
H(s) = Output LSTignal (s)
Input signal (s)
771 = o=5T;s
H(z) = Output signal (z)

Input signal (z)

The non-linear functions of z-variable are deduced from the rational
functions including an integration and a differentiation of s-variable.
The complexity of the circuit implementation is avoided by using a
translation theorem and some approximations.

42



Correspondence relation of s-
domain and z-domain

7= @ (O'+j(1))TS

s-plane z-plane

Im Im

| 1/4Ts
1/(4Ts) |
1/(8Ts) 3 STS/
OHz »Re  —1/2Ts
-1/(8Ts) | \
_L/(4Ts) -3/8Ts

-1/4Ts

43



Time shift in Laplace transform

k(t) =gt —T)u(t —T) | where u(?) is a unit step function

l/:

(0]

K(s) = j gt —Tu(t — T)e Stdt
0
T=t—T
K(s) = ng(r)u(r)e_s(”ﬂd(r +T)
0

co

= ng(r)u(r)e‘s(”ndr = e‘STJ g@u(r)e tdr
0 0

=e™ " Joof(f)e‘”df =e TF(s) <« f(©) =g®u(®)
0

l Z ifT=nl; (T.:Sampling period)

K(z) = e SMsF(z) = z7"F(2) 14



Time shift in Z transform

Z _ (6)
x(nTs)>X(z) , wheret = nT,
Z
(Right shift) x(nTs —nTs)—>z7"X(2) (7)

m-1

Z
(Left shift) — x(nTs + mTy)—>z™X(2) — 2™ Z x(kT)z™* (g
k=0

!

xin(t)_> Delay Ts _>x0ut(t) ‘Xm(Z)_> z’! ‘_>Xout(Z)

The equation 7 shows that the multiplication of z™ in z-plane 1s equivalent to the
delay of nT, in time domain. The z! operator is called "Delay element".
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Approximation of Z transform 1

* Forward Euler Transformation (FET)

Power series expansion of z at s =0

_ sTg 1 1 1 2 1 3
z=e —1+1—!(STS) +5!(STS) -|-3!(STS) + A

~|+sT S Im[z] Unit circle (o = 0)
~_1 N /
SOSR—— e, . o
Excellent approximation
1 1/,,\"'Re[z]

z-plane 46



Approximation of Z transform 2

* Backward Euler Transformation (BET)

Power series expansion of Z' ats =0

zl=eh —1——(ST) + — (ST) ——(ST) + A

~1—sT
Im[z] Unit circle (o = 0)
-z~ 4
LS R e

Excellent approximation

iRe[z]

z-plane 47



Approximation of Z transform 3

Bilinear Transformation
Power series expansion of log.z ats =0

— —_ 3 — .
STS:Inz=2-[Z 1+l(z 1)3+l(z 1)5+A]
z+1 3(z+1)y 5(z+1])
z—1
~ 2z+1 Im[z] Unit circle (o = 0) = frequency

A

2z-1 21-z"
T, z+1 T, 1+z™
2 wT;

Wpilinear = T arctan B
s

Y

2\ i
-
s \/
I

(but non-linear scale)

Excellent approximation

iRe[z]
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Integration of continuous-time signal

v,.(t) — Integrator — v, (?) Frequency domain transfer function (s = jo)
1 1 1
H] (a)) ——=——=—]—
t s jw 0]
Vout (t) — I vin (T)dz- 1
0 ‘HI (a))‘[a’B] =20log H, (a))‘ =20log—=-20logw
@
@ Laplace transform H,(0)| (dB) ,
1 L ®=10
Voue (8) = =V, (8) +— j_ v (7)dT (j) (log scale)
‘: S 20dB ©
= ; V., (s) 0 (deg.)
(where the initial condition is ignored.) 30 » @ (log scale)




Integration of discrete-time signal

Integration approximated with BET ; t

1 T R i
H(s)=—=—"7 v ﬂmh /ﬁﬂ
s 1—-z i

W,

Vo () = JZ v, (t)dt n=0 ( }

Geometrical

. . series of z!
@ Discretized V
N

Vout(t)zzvin(t_nTS).TS |:Z> I/ouz‘(Z):T'Sﬁlz_nl/in(z)

n=0

N=w0 TS

N\

7 1_2_1 Vm(Z)

%{_/

H(s) 50



H(s)|

Integration error due to
approximation

Frequency domain transfer function of integrator H(s) = 1 =—j 1
-1 —sT ~J Z”wﬂ ’ @
c=0— 7z =¢S5 =e¢ S
" od Iagreement | I Il |i | BET of Integrator
BET {fI | }| %' | I I I I
il /| I“ IJ\ I'\- I'LI i -z N | N - 27
st e
NN \\ [\ \}J | II ]IH Il[ Bilinear transformation of integrator
' \ SRR ) o, -2
Bilinear \%i/ \I ]I |||| I: TS1+21:TS1+eIT _Tsl+e
exact 1 | PN 21—z 21—’ 2 pe?
0.1 o4 I I I l I | l—e s
" Normalized Frequency o/ " The approximation is excellent in o << m,/2.
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Differentiation of continuous-time

signal
v, (1) — differentiator |—> v_ (1)  Frequency domain transfer function (s = jo)
Hy(s)=s5= jo
d H dB]=20log| H,(®) |=201
Vout(t):_vin(f) | H (o) |[dB] og|H,(w)] 0gw
dt
@ Laplace transform |Hp(w)| (dB) 4
20dB
I/ou (S):Sl/in(s)_vin(o) >
t o=10 4 (log scale)
Vour (8) = sV, (5)
0 (deg.) 4
(where the 1nitial condition is 1gnored.) 190 ‘
'0) (log scale)
=1
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Differentiation of discrete-time signal

Differentiation approximated with BET

11—z

I

HD(S)ZSE Vin(?) 1

Vout (t) = i vin (T)
dt [ Delay element ]

@ Discretized %

v. (£)—v. (t—T, Z — 7!
Vout(t) — m( ) 7-zvn( S) I/OW(Z) _ I/m (Z) Z I/m(z)
S TS
1—z"
= V., (2)
TS

Hpy(s) 53
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—_

Differentiation error due to
approximation

i@
c=0— z = =¢ s
ot LA
exact /\\ | l JJH|I :
| Bilinear / R
i LU

Frequency domain transfer function of integrator H(s)=s5= jw

BET of differentiator

- —jan-
l—z_l_l—e_”"s 1l-e %
TS TS TS
Bilinear transformation of differentiator

@

21-z" 21-¢’ 21-e @

T 1+z70 T, l+es T,
I+e

2
Wg

The approximation is excellent in o << ® /2.

54



